The Black Body Radiation

= Chapter 4 of Kittel and Kroemer
The Planck distribution

Derivation

Black Body Radiation

Cosmic Microwave Background
The genius of Max Planck

Other derivations

Stefan Boltzmann law
Flux => Stefan- Boltzmann
Example of application: star diameter

Detailed Balance: Kirchhoff laws

Another example: Phononsin a solid
Examples of applications

Study of Cosmic Microwave Background
Search for Dark Matter
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The Planck Distribution

Photonsin a cavity ‘ Frequency v

M ode characterized by Angular frequency o = 2pv
\ Number of photonssinamode=>energy € — shv =shm
sisaninteger ! Quantification

Similar to harmonic oscillator
Photons on same "orbital" cannot be distinguished. Thisis a quantum state, not s systems in interactions!

Occupation number

! System =1 mode, in contact with reservoir of temperature
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o 1- exp® 106
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***Planck Distribution RN T o) =T
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Black Body Radiation

M axwell equationsn vacuum
R€=P =0 R E=-— ) |

. - & &  qEgt  gE 19E -
NxB=0 N' B=m¢j+eg —~= — =—— (1 =0
M) +eo g =Moo =2 gy (J =0
Using identity N* N° E =R N><E)- N2E
b NZE:iE (wave equation)
SolutionsE = E, e ((k§;< ﬂtt))wnhk —andEE =0 p:hk:h_mzi
- Fo e ” c c c

=> Photon has zero mass and 2 polarizations

Radiation ener gy between w and o+dw?
State (=mode)density in phase space

3 3y N2 3y 2

\‘Zd xgl P integrating over angles d x2p3dp = dx ;%dm

=> density of energy h b*7 b-c
U, dw = #States energy of state” average occupation number
unit volume
2 or

U, dw = (;)2—:;) " ho’ ](-DQ 0, do = ho *do - ydv= 8thvidv "
P o p?c*Bexp?220. 12 o 0. 16

e et g @ e et @
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Cosmic Microwave Radiation

Big Bang=> very high temperatures!
When T»3000K, p+e recombine =>H and UNiverse becomes transparent

Conclusions;

» Very efficient thermalization
In particular no late release of energy
» No significant ionization of universe since!
e.g., photon-electron interactions= Sunyaev-Zel'dovich effect
* Fluctuations of T =>density fluctuations
COBE DMR result
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The genius of Max Planck

Before

Physicists only considered continuous set of states (no 2nd quantization!)

Partition function of mode w

¥ & hox0_ T
Z =0 dxexp.- =
o~ D pe T 9 ho

Mean energy in mode w
’qllog Z
/ \-Tﬂ_gzt

\Cw/~ Tt
Sum on modes => infinity =" ultraviolet catastrophe”

independent of w

2 Xho €
M P| k :(F:cfr ![argew big drop igt_first bin
ontinuous approximation
aéuan??egl Z= 1 ‘<8m > % isinadequate
. o b
S e A

/\_ ho

b/~ 00

expe—--1 | >
Tt 9 T hio Xhw

Cut off at ho »T X cannot be smaller than 1!
=> finite integral
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Other derivations (1)

Grand canonical method

_ ) N & 1
Consider N photons 7 =3 expiém ho NG _ —
€T By expéaaén wg
I\ — / \_ﬂ(rlogZ)_ 1 K
=> &) =\Ny = - 0O - Ue
im exps wo 1
e ¢ O
What isu? Thereis no exchange of photons with reservoir o “u
(only exchange of energy) => entropy of reservoir does not R = =0

change with the number of photonsin the black body (at constant energy) ﬂNYBB y T

Zero chemical potential! => I 1
S = "
- ex gtm)g 1
. - - p T g
Microscopic picture

Photons are emitted and absorbed by electrons on walls of cavity

We have the equilibrium Y te« €
Specia case of equilibrium (cf Kittel & Kroemer Chap. 9 p. 247)
A+B« C

Equilibrium corresponds to maximum entropy do =0

=>

In particular dol,, = %dNA + 1}'&’8 dN, + 1}1'30 dN. =0

dNA:dNB:-dNC Drrh+nh_r%:0
m=0PpP m = 0

WAL
thisis due to the fact that the number of photonsis not constant
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Other derivations (2)

M icrocanonical method (Done in Homework)

To compute mean number photons in one mode, consider ensemble of N oscillators at same
temperature and compute total energy U

= U &y _ U

Microcanonical= compute entropy o (U) with U = niw (n photons in combined system)
and define temperature at equilibrium as 1 ﬂ_O b 'c(U) b U(‘c) b (S)(r)

T JU
We have to compute the multiplicity g(n,N) of number of states with energy U= number of combinations of N positive
integers such that their sumisn N U
an=n=— n30
i—1 hw

& o [1\V ,
Same problem as coefficient of t" in expansion (cf Kittel chap. 1) gat - =(1—) =a g(n, N)t"

n

_ 19" (1 \N N+n- 1)
=> N)——ﬂ—(—) = L (N1 AN+ 2) N+ 1) =
n! qt L, M n (N - D!
Using Stirling approximation
n N U U N
o (n) =log(g(n, N)) » Nlog(1+ —) +nl og(1+—) = Nlog(1+—) +—Iog(1+—)
N n hoN/ 7o U
& 0]
e 1 ﬂO' 1 o ’S?[ Nh(DO 1 |Og +i+ or (S}Z 5
T U Ao U 2 o (S)@ expgﬁ_a_ 1
T
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Counting Number of States

Fromfirst principles (Kittel-Kroemer)

In cubic box of side L (perfectly conductive=>E perpendlcular to surfac

px Py

Ex = Ex sinwt cos(nX
’ L

L

I
A
).

py

= Ey sin mtsin(nX
’ L

px py

= EZ sin mtsin(nx
’ L

L

o
ol
o),

pz

L

pz

L

Pz

L

with the wave equation constraint

B = B coswtsm n,

2

) B = B cos wt cos(n
L

px
) B —B COSwtCOS(n -
L

2
o

2

N +ny +n;

)
)2

):

c

=>w has specific values! (“1st quantification”)
2 degrees of freedom (massless spin 1 particle)

/e = = -
("2nd quantification”) U = <E(EXD + B}

/ spacetime

COS

Q)
2

ol )
{”
{%

n2

_._p , —
B =—n
) ) bl
2 .~2
2_ P
P B =—E

pz

) |

L

)=4:%)
o{»
(

NxE=00 nx€=00 nE, +nE, +n,E, =0

_/%

2
= —(E2+CZBZ)\:ﬁ:sth sum of 4 cos?
\2 /71

=> number of statesin mode w is 2xnumber of integers satisfying wave equation constrai ntés )
w“L

2 2 2

Sum on states can be replaced by integral on quadrant of sphere of radius squared N +ng +n5 = ——
Energy inw w+dw o hw \ hw 3 e
Uydo =2 a4 —F7-73 =20 d™n
ho Quadrant ho
n.n.n, exp(—) -1 exp(—) -1

T T

4p | hw pw L howdw U(D hQ)Sd(D
U do = 2—n’dn = umdoo=—d(x)—
I v . v - s
expl— -1 expl— |- 1 exp
T T
8
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Fluxes

Energy density

So far energy density integrated over solid angle. If we are interested in energy density traveling
traveling in a certain direction, isotropy implies

3
0, (Q)dodQ = hiw °dondQ

3.3 200 0
Ap-cUeexp _— 121

2hv 2dvdwW
ahvo .0
cCexp.— - 1+
gf peq; g @

Flux in acertain direction
(Energy /unit time, area, solid angle,frequency)

Noteif we use n instead of w

u, (W advdw=

3
|, dvdAdQ = cu, dvdAdQ = 22hv d”ggdgo
?yp <9 B

Flux through a fixed opening

(Energy /unit time, area,frequency)

3
3, dvdA = dvdA (§° do 1, cosh dcosh =Y IVAA__ C

C@xm—o-l— 4
et 9 @

—u, dvdA
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Stefan-Boltzmann L aw

Total Energy Density***

¥ ¥ 1 haw 3
Integrate on w 5 — (0__ do

Change of variable o ® XxX= —
¥ doo = T4 R x3dx T ¥ x3dx p
@ 0 =532:30 X1 @115

2

P 4 4. .
Uu=——s=t =arl  |Withagr = —=>
1533~ % B

Total flux through an aperture***

Integrate J,
= multiply above result by c/4

p? 4 4 pkg 8 2,4
= T =0orl " |Withogr= =5.67 10 ° W/m“/K
60732 B B~ 60n3c2

Stefan-Boltzmann constant!
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Spectrum at low frequency

Rayleigh-Jeansregion (=Tow frequency)

- [e \ o *dw 8pv “dv
If hoo <<t {g,)»7T U do » T U dv »T P i
p°C C

Power / unit area/solid angle/unit frequency

=Brightness 2
g | dvdAdW» T 2v dngAdW:t 2dv}<i|;AdW
C

w?dw _, 2pdv
402 2 }\2

Power emitted / unit (fixed) area  J,dw = J,dv » <

A= Qd Power received from a diffuse source
0P _ |y = ZWA _ ZWA
dv A 2\

L dP N
If diffraction limited: Detected Power (1 polarization) E(lpolarlzatlon) =7

A2
QA =\ Antenna temperature Tp = ki%(lpolanzatlon)
B
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Applications

Many!
e.g. Star angular diameter

Approximately black body and spherical!
Spectroscopy =>Effective temperature

Apparent luminosity | =power received per unit area | = L, 1 _ L
o A 4pd2
But power output L = 4préo gTg
A b= ;—ioBTe?f
T angular diameter =2 = |

d Y BTe?f

&, % given by Doppler shift

=> Baade-Wesserlink distance measurements of varying stars m

» Oscillating stars (Cepheids, RR Lyrae)

e Supernova
L uminosity/temperature variation d _d | _1d,
dt dt\oT, ddt
% Doppler . Dh  dr,
velocity v, = - c= Y dr,
P If spherical expansion %_ dr. 5 d:%
dt dt

dt
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Entropy, Number of photons

Entropy
» Method 1 (Kittel) use thermodynamic identity+ 3rd law dU =tdo
at constant volume |- du )
do _th 4p V 2
b © v 155
Third law: o = §9¢ = 4PV 3_42 13

* Method 2 : sum of entropy of each mode

{syhw _ - ho ho
=- log|1l- exp - + ( (hw) )
tlexpl — |- 1

3, wzdw
0 = (0, d"X o7 V§ + = (| ntegrating first term by part)

=-a pslog p, =logZ, +
Rememberi ng density of states

Finally G:f“_‘ _48, /3
Number of photons 3t 3kg
Starting from - 1 oY N o 2da
WO T T 12:3 ©
exp'gé— 1 p“c ?éxp r_g lg
s-1
Classical integral (ge)f‘ dx = (s- DIZ(s) witht (3 »1.22
=>
N, =20 3. 3%0 3\ 73, 378873

YT 0233 0’ Ke ke

Note that entropy is proportional to number of photons! o » 3.6N,
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Detailed Balance: Kirchhoff laws

Definition: A body isblack if it absorbs all electromagnetic
radiation incident on it

Usually true only in arange of frequenc
@/ y y 9 equency
e.g. A cavity with asmall hole appears black to the outside
Detailed balance: in thermal equilibrium, power emitted= ~ power received!

Otherwise temperature would change!
Conseguence: The spectrum of radiation emitted by ablack body isthe “black
body” spectrum calculated p. 4.

Proof : ZAUBB = iAucavity P Ugg = Ucavity

Cavity <E:ED We could have inserted afilter  ugg(w)dw = Uggyity (@ )dw
Absor ptivity, Emissivity:

Absorptivity =fraction of radiation absorbed by body

Emissivity = ratio of emitted spectral density to black body spectral density.

eceived power = a(w )ugg(w)dw = emitted power = &(w Jugg(w ) dw
Body /\Body Kirchhott: Emissivity=ADbsorptivity a(w)=egw)

Applications: Johnson noise of aresistor at temperature T IR
Wewill comeback tothis!  Rayleigh - Jeans => Spectral density = kT P \an'Se/ = 4k, TR
A%

Superinsulation (shinny)
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Phononsin a solid

Phonons:;
Quantized vibration of a crystal B
described in same way as photons e=ho p=hk=— €5 = o
If s phononsin amode C.
mean occupancy (s) = 1 \Vel ocity
Sum on modes (3 polarizations) exp 200 4
3 3 T 9 3 2 2
39 xgl P integrating over angle33OI x2p3dp = dSXAC:I%D
h p°h p°c
. . . . %K—S—/
But wave length smaller than lattice spacing is meaningless D(w) do

_ P : : : :
/\/\/ = e o 0 e e |kX|<;wherealsthelattlcespacmgb maximum energy o

<=>solid isfinite: If N atoms each with 3 degrees of freedom, at most 3N modes

W

L 3
Naoms = (—) (cubic lattice) P Q ° VD(w)dw = 3N where D(w) isthe density of states
a
Debye approximation: e isotropic

A0 . w e . :
k=— or p=— withvelocity c, = constant
C C

S S
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Phononsin a Solid

Debye law 1 1
N 3w? BN o) d. c
J° VD(w)do = (°V do =3N P wp =g=—n ¢, # =ghp” 2 =5
0 2p2C 3 e [} g a
S
\ \ hw 3 k*dk hw 3 w’dw
U= 0d’x0" =vQ"’
O Xc‘f & Jpo O 2 C\?D & FHuo 23
gexpg— -1 2P gexp8—+- 1= 2p°Cs
e T2 @ e T2 @
4 3 2
fort<<ow U= (j Xdx __ P v k'T?
2h°p°cs’ e -1 10n°cs’
hw
fic. & |\|o
Introducing the DebyetemperatureT =0 = ;S 86p = kD
12 et 6°
T4 4 . _12
- 3p4k|3N— Q=3P kgN T 4kBN8
TD elpg TDﬂ
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Applications

Calorimetry: Measure energy deposition by temperature rise
AEW| > AT =2E b need small C
¥~ Heat Capacity
Bol OMELry: Measure energy flux by temperature rise

Sky Chopping e.g., between sky and calibration load

] -
\ﬂ_oad
DF C
DT = — P need small Gbut time constant = — limited by stability b small heat capacity C
o G Heat Conductivity G
Very sensitive! 2
Heat capacity goesto zero at low temperature C»T

5 1
O Ag = ks T°C L T2M?2
Wide bandwidth (sense every frequency which couples to bolometer)

Fluctuations

Study of cosmic microwave background
Bolometers 4K ® 300mK ® 100mK

Search for dark matter particles 170g at 20mK
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